We construct examples of static, spherically symmetric wormhole solutions in general relativity with a minimally coupled scalar field φ whose kinetic energy is negative in a restricted region of space near the throat (of arbitrary size) and positive far from it. Thus in such configurations a "ghost" is trapped in the strong-field region, which may in principle explain why no ghosts are observed under usual conditions. Some properties of general wormhole models with the φ field are revealed: it is shown that (i) trapped-ghost wormholes are only possible with nonzero potentials V (φ) ; (ii) in twice asymptotically flat wormholes, a nontrivial potential V (φ) has an alternate sign, and (iii) a twice asymptotically flat wormhole which is mirror-symmetric with respect to its throat has necessarily a zero Schwarzschild mass at both asymptotics.
Introduction
It is well known that the existence of traversable Lorentzian wormholes as solutions to the equations of general relativity requires "exotic matter", i.e., matter that violates the null energy condition [1, 2] . In particular, for static, spherically symmetric configurations with a minimally coupled scalar field as a source, wormhole solutions are only possible if the scalar field is phantom, i.e., has a wrong sign of kinetic energy [3] [4] [5] . In alternative theories of gravity, such as scalar-tensor, multidimensional and curvature-nonlinear theories, wormholes also turn out to be possible only if some of the degrees of freedom are of phantom nature [3, 6] (see also the review [7] and references therein).
Meanwhile, macroscopic phantom matter has not yet been observed, which puts to doubt the very possibility of obtaining realistic wormholes even in a remote future and even by a highly advanced civilization.
In this paper, we would like to discuss an interesting opportunity of obtaining wormhole configurations in general relativity with a kind of matter which possesses phantom properties only in a restricted region of space, somewhere close to the throat, whereas far away from it all standard energy conditions are observed. As an example of such matter, we consider static, spherically symmetric configurations of a minimally coupled scalar field with the Lagrangian
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where h(φ) and V (φ) are arbitrary functions. If h(φ) has a variable sign, it cannot be absorbed by re-definition of φ in its whole range. A case of interest is that h > 0 (that is, the scalar field is canonical, with positive kinetic energy) in a weak field region and h < 0 (the scalar field is of phantom, or ghost nature) in some restricted region where a wormhole throat can be expected. In this sense it can be said that the ghost is trapped. A possible transition between h > 0 and h < 0 in cosmology was considered in [8] .
The paper is organized as follows. In Section 2 we present the basic equations and show why the above strategy cannot be realized for massless fields (V (φ) ≡ 0 ). In Section 3 we describe some general properties of the system and obtain explicit examples of "trappedghost" wormhole solutions using the inverse-problem method, and Section 4 is a conclusion.
Scalar fields with a variable kinetic term
The general static, spherically symmetric metric can be written as
where u is an arbitrary radial coordinate and dΩ 2 = (dθ 2 + sin 2 θdϕ 2 ) is the linear element on a unit sphere. A scalar field φ(u) with the Lagrangian (1) in a spacetime with the metric (2) has the stress-energy tensor (SET)
(the prime denotes d/du ). The kinetic energy density is positive if h(φ) > 0 and negative if h(φ) < 0 , so wormhole solutions sought for must be obtained with h > 0 at large values of the spherical radius r(u) = e β and h < 0 at smaller radii r . One can show, however, that this goal cannot be achieved for a massless field (V (φ) ≡ 0 ). Indeed, in the massless case, the SET (3) has the same structure as for a usual massless scalar field with h = ±1 . Therefore the metric has the same form as in this simple case and should be reduced to the Fisher metric [9] if h > 0 and to the corresponding solution for a phantom scalar, first found by Bergmann and Leipnik [10] (it is sometimes called "anti-Fisher") in case h(φ) < 0 . Let us reproduce this solution for our scalar (1) in the simplest joint form, following [3] .
Two combinations of the Einstein equations
for the metric (2) and the SET (3) Choosing the harmonic radial coordinate u , such that α(u) = 2β(u) + γ(u), we easily solve these equations. Indeed, the first of them reads simply γ ′′ = 0 , while the second one is written as
. Solving them, we have
where k and m are integration constants; two more integration constants have been suppressed by choosing the zero point of u and the scale along the time axis. As a result, the metric has the form [3]
(note that spatial infinity here corresponds to u = 0 and m has the meaning of the Schwarzschild mass). Moreover, with these metric functions, the 
It means that h(φ)φ ′2 = const, that is, h(φ) cannot change its sign within a particular solution which is characterized by certain values of the constants m and k . The situation remains the same if, instead of a single scalar field, there is a nonlinear sigma model with multiple scalar fields φ a and the Lagrangian
where h ab are functions of φ a : the metric then has the same form (6) , and a relation similar to (7) reads [13] 
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Therefore the quantity that determines the canonical or phantom nature of the scalars, h ab φ a′ φ b′ , is constant. If the matrix h ab is not positive-or negative-definite, some solutions due to (8) can be wormhole while others correspond to a canonical scalar and have a Fisher central singularity [13] , but there are no solutions of trapped-ghost character.
Returning to our system with the Lagrangian (1), we can assert that trapped-ghost wormholes can only exist with a nonzero potential V (φ). To find such configurations, it is helpful to use the so-called quasiglobal gauge α + γ = 0 , so that the metric (2) takes the form
where A(u) is called the redshift function and r(u) the area function. Then the Einstein-scalar equations can be written as
2r
where the prime again denotes d/du . Eq. (10) follows from (11)-(13), which, given the potential V (φ) and the kinetic function h(φ), form a determined set of equations for the unknowns r(u), A(u), φ(u). Eq. (14) (the 1 1 component of the Einstein equations), free from second-order derivatives, is a first integral of (10)-(13) and can be obtained from (11)- (13) by excluding second-order derivatives. Moreover, Eq. (13) can be integrated giving
where B(u) ≡ A/r 2 and m is an integration constant equal to the Schwarzschild mass if the metric (2) is asymptotically flat as u → ∞ (r ≈ u , A = 1 − 2m/u + o(1/u)). If there is a flat asymptotic as u → −∞, the Schwarzschild mass there is equal to −m (r ≈ |u|, A = 1 + 2m/|u| + o(1/u).
Thus in any wormhole solution with two flat asymptotics we inevitably have masses of opposite signs, just as is the case in the well-known special solutionthe anti-Fisher wormhole [5, 11, 12] whose metric in the gauge (9) reads
with k < 0 and z = |k| −1 cot −1 (u/|k|) [the constants m and k have the same meaning as in (5)- (7)].
It is also clear that m = 0 in all symmetric solutions to Eqs. (10)- (14), such that r(u) and A(u) are even functions. Indeed, in this case B ′ (u) is odd, hence m = 0 in (15).
Models with a trapped ghost
If one specifies the functions V (φ) and h(φ) in the Lagrangian (1), it is, in general, hard to solve the above equations. Alternatively, to find examples of solutions possessing some particular properties, one may employ the inverse problem method, choosing some of the functions r(u), A(u) or φ(u) and then reconstructing the form of V (φ) and/or h(φ). We will do so, choosing a function r(u) that describes a wormhole profile. Then A(u) is found from (15) and V (u) from (11) . The function φ(u) is found from (12) provided h(φ) is known; however, using the scalar field parametrization freedom, we can, vice versa, choose a monotonic function φ(u) (which will yield an unambiguous function V (φ)) and find h(u) from Eq. (12) .
Let us discuss what kind of function r(u) is required for our purpose.
1. The wormhole throat (u = 0 without loss of generality) is a minimum of r(u), that is,
with a = const > 0 (these requirements are sometimes called the flare-out conditions). So r(u) must have such a minimum.
2. In a trapped-ghost wormhole, by definition, the kinetic coupling function h(φ) is negative near the throat and positive far from it. According to (12) , this means that r ′′ is positive at small |u| and negative at sufficiently large |u|.
If the wormhole is asymptotically flat at large |u|,
we should have
A simple example of the function r(u) satisfying the requirements 1-3 is (see Fig. 1 ):
where x = u/a, and a is the (arbitrary) throat radius. Now we can integrate Eq. (15). Assuming m = 0 , we find (see Fig. 2 )
Substituting the expressions (17) and (18) into (11), we obtain the potential V as a function of u or x = u/a:
One can notice that V (u) < 0 at large |u|. The negative sign of the potential in a certain range of u is not Consequently, due to (11),
so that if V (u) ≡ 0 , it has an alternate sign.
To construct V as an unambiguous function of φ and to find h(φ), it makes sense to choose a monotonic function φ(u). It is convenient to assume
and φ has a finite range: φ ∈ (−φ 0 , φ 0 ), which is common to kink configurations. Thus we have x = u/a = λ tan(πφ/2φ 0 ), whose substitution into Eq. (19) gives an expression for V (φ) defined in this finite range. The function V (φ) can be extended to the whole real axis, φ ∈ R, by supposing V (φ) ≡ 0 at |φ| ≥ φ 0 . Plots of the extended potential V (φ) are shown in Fig. 3 . The expression for h(φ) is found from (12) as follows:
where x = λ tan(πφ/2φ 0 ). The function h(φ) given by Eq. (21) is also defined in the interval (−φ 0 , φ 0 ) and can be extended to R by supposing h(φ) ≡ 1 at |φ| ≥ φ 0 .
The extended kinetic coupling function h(φ) is plotted in Fig. 4 . It is well known that the null energy condition (NEC) holds for a canonical scalar field and is violated for a phantom one. In our case, it happens for h(φ) > 0 and h(φ) < 0 , respectively. Let us illustrate this using our solution (17), (18), (20) as an example. The NEC reads −T µν k µ k ν ≥ 0 , where k µ is an arbitrary null vector. Due to the Einstein equations (4), it can be equivalently written as G µν k µ k ν ≥ 0 . Taking the radial null vector k µ = (A −1/2 , A 1/2 , 0, 0) in the metric (9) and denoting Ξ := G µν k µ k ν , we find
i.e., it is a multiple of h(φ) with a positive factor. The plot of h(φ) thus completely characterizes NEC violation taking place near the throat.
Conclusion
We have shown that a minimally coupled scalar field may change its nature from canonical to ghost in a smooth way without creating any space-time singularities. This feature, in particular, allows for construction of static, spherically symmetric wormhole models (trapped-ghost wormholes) where the ghost is present in some restricted region around the throat (of arbitrary size) whereas in the weak-field region far from it the scalar has usual canonical properties. One can speculate that if such ghosts do exist in Nature, they are all confined to strong-field regions ("all genies are sitting in their bottles"), but just one of them, having been released, has occupied the whole Universe and plays the part of dark energy (if dark energy is really phantom, which is more or less likely but not certain).
We have also found some general properties of static, spherically symmetric wormhole models in the Einsteinscalar field system under consideration:
(i) trapped-ghost wormholes are only possible with nonzero potentials V (φ);
(ii) in all wormholes with two flat asymptoyics, V (φ) has an alternate sign (unless V ≡ 0 );
(iii) in any wormhole with two flat asymptoyics, if the Schwarzschild mass equals m at one of them, it equals −m at the other. Hence mirror symmetry with respect to the throat (i.e., the metric functions are even in the radial coordinate u ) implies m = 0 .
